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Abstract

Graphs are essential representations in mathematics, but many students only focus on
procedural rules when sketching graphs of equations. This study aims to describe the errors and
obstacles experienced by students in drawing graphics of equations. The research method uses
a qualitative approach by collecting data through tests and interviews. The research results show
that students' mistakes in drawing graphs can be caused by dependence on procedural
knowledge in plotting points without conceptual understanding. Students who make mistakes
do not understand points as multiplicative objects, lack covariational reasoning, need help
understanding the concept of complex numbers, and show reflective thinking in completing
assignments. This research implies that teachers must consider the students' difficulties and
mistakes to avoid becoming didactic learning obstacles. In studying plotting point procedures,
students' knowledge must include understanding concepts related to graphs, such as the
meaning of points and graph concavity, graph shifts, and the relationship between the
discriminant of a quadratic equation and its graph.
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Introduction

Graphs are an essential mathematics representation, but student errors in constructing and
interpreting graphs still need to be corrected in learning. The ability to represent certain
functions, such as formulas, tables, and graphs, and switch between these representations is part
of understanding functions (Carlson, 1998). Students still have many limitations in
understanding the relationship between algebraic and graphical representations, namely
equations and graphs (Birgin, 2012; Knuth, 2020; Veloo et al., 2015). Drawing graphs also
includes fundamental challenges in critical thinking in calculus (Susilo et al., 2021).

Drawing graphs involves both procedural and conceptual knowledge. Skemp (1976)
distinguished two types of mathematical understanding: relational and instrumental. Relational
understanding is defined as "knowing what to do and why," and rational mathematics learning
process as "building conceptual structures,” while instrumental understanding can be said as
"rules without reason™ (Barmby et al., 2007). These two types of understanding are also often
associated with conceptual and procedural knowledge, which cannot be separated and must be
aconcern in designing learning strategies (Hurrell, 2021). When drawing a graph, one may only
use procedural knowledge to pair input-output values from equations and conceive the graph
as a geometric figure (Oehrtman et al., 2008). It may also involve knowledge of slope,
covariation, and graph shift concepts in the Cartesian plane. Drawing graphs only with
procedural knowledge can indicate a limited understanding of function, namely limited to the
action level (Breidenbach et al., 1992). With the action view, students can input values into
algebraic expressions and calculate them but will have difficulty dealing with more common
situations, such as composing two functions based on graphs when the algebraic expression is
not given. Procedural knowledge without meaningful learning will cause problems, while
conceptual knowledge can avoid sources of learning interference (Hurrell, 2021).

Limitations of students' mathematical understanding lead to errors in solving
mathematical problems. Student errors in mathematical concepts can occur due to learning
obstacles from previous learning experiences. In the context of learning, the phrases "error” and
"obstacle™ indicate distinct things. "Error" refers to a mistake or inaccuracy committed during
the learning process. It could be a misperception, misinterpretation, or misunderstanding of a
notion or concept (Barbieri et al., 2019). An error is primarily formed within surface levels of
knowledge, so a child's response to a task is procedural and can be corrected by the teacher
providing correct alternatives (Ryan & Williams, 2007). Errors can be addressed and enhance
knowledge acquisition if learners can cope with them adaptively and reflectively (Metcalfe,
2017). An "obstacle,” on the other hand, is anything that prevents a learner from fully
participating in the learning process.

Conru (2002) categorizes learning obstacles as ontogenetic, epistemological, and
didactic. The learner's cognitive development causes the ontogenetic obstacle, while the
epistemological obstacle occurs due to the interference of certain mathematical concepts with
more complicated concepts. Meanwhile, didactic obstacles arise due to the nature of the
teaching or teacher. Didactic obstacles are known when educators introduce representations or
other teaching resources but result in inconsistency of students' ideas on more complex
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mathematics learning objectives, which these barriers can and should be avoided (Cortina et
al., 2003). The manifestation of mathematical didactic obstacles is an error (Brousseau, 2002).

Plotting points is one of the strategies used in drawing graphs of equations and functions.
It is commonly taught in high schools. In this strategy, students will look for graph intersection
points on the x and y axes or choose a value for x to be substituted into the equation (Knuth,
2020). This procedure may work well for some routine problems but can cause errors in other
cases, such as y = x2 + 1, namely when it cannot find the coordinates of the intersection points
based on algebraic expressions. Thus, the algebraic procedure alone to determine the point of
intersection of the axes is not enough without reasoning.

Teaching procedures without reasoning can be a source of didactic obstacles for students
learning about graphics. Teacher expertise may hinder the implementation of meaningful
practice in graphic drawing competence (Glazer, 2011). Although indications of a lack of
mathematical understanding can be identified through a test, limited student understanding may
not always be detected during learning at school, especially if the teacher only involves routine
problems. A standalone test has limitations as a tool for assessing mathematical understanding
in that students can answer the test correctly without understanding (Barmby et al., 2007).
Problems of understanding mathematics that cannot be overcome during learning in high school
will be carried over when students enter college.

Drawing graphics is related to understanding multiplicative objects. The multiplicative
object in question is different from the multiplication operation. Frank (2017) illustrates that a
multiplicative object as a mental action enables a student to imagine two quantities varying
together to satisfy some invariant relationship. In the context of graphs, Thompson (2011) gives
an example of a point in the Cartesian plane as a multiplicative object that unites the point's
distance from the horizontal axis to the point's distance from the vertical axis.

Drawing graphs also involves covariational reasoning, namely the ability to coordinate
values on two variables simultaneously (Carlson et al., 2002), which is also related to
understanding multiplicative objects. Thompson & Carlson (2017) explain covariational
reasoning in two ways: paying attention to reasoning variations separately from covariational
reasoning or considering how to construct multiplicative objects from quantity values. To
understand covariational reasoning correctly, one must maintain persistent attention on two
quantities simultaneously (Whitmire, 2014), which requires the ability to construct
multiplicative objects. Frank (2016) and Frank (2017) suggest supporting students in
constructing coordinates as multiplicative objects and testing the development of reasoning in
graphical contexts. Based on the experimental results, it was found that graphs, as a type of
graphical representation, are more effective in helping to understand functions in terms of
covariation (Rolfes et al., 2021).

Previous studies have described difficulties in understanding graphs (Birgin, 2012;
Knuth, 2020; Susilo et al., 2021; Veloo et al., 2015) but have not provided a perspective on
plotting point procedures as a didactic obstacle. While Knuth (2020) has also shown that there
is an error as an effect of understanding that relies too much on algebraic procedures rather than
graphs, this research is limited to linear equations. Several studies have been conducted on
difficulties in reasoning about covariation but have not explained further its relationship to
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previous learning practices (Sandie et al., 2019; Sutini et al., 2020; Syarifuddin et al., 2020;
Whitmire, 2014; Zeytun et al., 2010). Meanwhile, didactic obstacles in learning mathematics
were also studied, including the topic of fractions (Cortina et al., 2003), decimal numbers
(Brousseau, 2002), transformation geometry (Sunariah & Mulyana, 2020), and online learning
(Murniasih et al., 2022).

Plotting points by checking the intersection of the graph with the axes is a helpful
procedure in sketching a graph. This procedure is widely taught by teachers in schools. Previous
studies have shown that many students rely too much on routine procedures, which leads to
errors when constructing or interpreting graphs. However, prior research still has limitations in
explaining the impact of the plotting point procedure without a conceptual understanding of
students' ability to draw graphs in a broad context. This study uses the plotting point procedure
to describe the students' didactic obstacles in drawing graphs. The results of this study are
expected to be useful theoretically in explaining student errors in graphs and the obstacles that
cause these errors. Practically, the research results can be used by teachers to improve learning
strategies on graphs in secondary schools.

Methods

A qualitative approach was used in this study to describe the types of student errors in drawing
graphs and analyze the didactic obstacles of teaching about graphics with the plotting point
procedure that causes these errors. The plotting point referred to in this study includes the
method for determining coordinate points or intersection points for making graphic sketches.
In this research, the researcher was the main instrument that collected and analyzed the data.
The researchers were present openly to obtain in-depth information, and their status as
researchers was known. Data was collected on students as pre-service teachers at the University
of Pesantren Tinggi Darul Ulum. All participants' names were left anonymous to comply with
research ethics. There were three students as participants in this research. They were selected
based on criteria that applied value input procedures with tables or drawing pairs of points
discretely but made errors in expressing them in graphs.

Data collection was carried out through tests and interviews. There were two test items.
The indicators of the test items are: (1) students can represent graphs of equations using the
procedural method of finding intersection points on the axes, (2) students can represent graphs
of equations that do not have intersection points on the x-axis without dependence on the input-
output value calculation procedure. The test is an assignment to draw a graph of a linear
equation y = x + 6 for indicator (1) and a quadratic equation with roots of complex numbers
y = x% + 1 for indicator (2). Quadratic equations are given to investigate students' ability to
draw graphs when the procedure for finding graph intersection points is complicated only with
algebraic calculations. Meanwhile, linear equations are given to check student perceptions of
coordinate points as multiplicative objects. Instrument validation was tested through peer
review between mathematics education lecturers.

Furthermore, interviews were conducted to investigate and confirm students'
understanding and habits when faced with the task of drawing graphs. The qualitative data
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analysis began by reading the written response data and interview transcripts thoroughly, then
giving meaning to each part of the data and writing codes. Each associated code was grouped
into themes and described to explain the presence of errors and related learning obstacles. To
ensure the validity and reliability of the findings, researchers compared data with codes
repeatedly to ensure consistency of meaning and involved discussions with external auditors
regarding the quality of the analysis.

Results

This section will explain three cases of students who experience errors in drawing graphs: NN,
FA, and UR. The three subjects chosen were third-year female students from the same class
where all the participants were women. Female students were selected to minimize the
possibility of bias because only one male student was in the class. These three cases were
selected from students who made mistakes in drawing graphs and represent the variety of cases
found. Another consideration is their communication skills and willingness to participate in
research. NN and UR are students with relatively high abilities in their classes and have high
perseverance and motivation in solving problems. However, both show different errors, which
will be displayed in the next section. Meanwhile, FA has relatively moderate abilities in class
and is highly motivated to complete assignments even though she sometimes experiences some
difficulties.

The three subjects showed different types of mistakes. However, all three used the
plotting point procedure at the intersection of the axes or specific points before starting to draw
the graph. Each subject's response will be explained as follows.

NN case
E- y=x+G  dan 3:)(1‘\_1
a4t ° nsal w= © dew
mual o
~ = .=
mis) y=o ffmisal XLO i) W =0 x)\ ° : I
0= %% € Yo 0x o R Y sy 3
Hs il y-6 & i o:¥
T e Y 3
) W |
¢ ‘/\/‘L‘X
\ |
\
\
-

Figure 1. Student NN can draw a graph for

= x+ 6 andy = x?2 but has difficulty doing
so on a graph y = x2 + 1 because it cannot represent the point of intersection of the graph
with the x-axis.
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Student NN starts her work by determining the point of intersection of the graph with the
x-axis and y-axis. She can perform this procedure in drawing linear graphs. However, she
stalled and encountered a problem when graphing a quadratic equation with complex roots, as
shown in Figure 1. She could not graph the equation y = x? + 1 because she could not
determine the intersection point of the graph with the x-axis. The results of the interview also
revealed that she had difficulty drawing a graph of y = x2 + 1 because she could not represent
the complex number v—1 in the Cartesian plane. Although she did write v—1 on the x-axis,
which was a mistake due to a lack of understanding of complex number representations; she
was unsure of the answer and, therefore, did not draw a graph based on this error. However,
when asked to graph y = x? she can do so. This subject does not use the idea of shifting the
graph of y = x? to produce the graph of y = x2 + 1. Even though she can only determine one
intersection point, namely (0,0) on the graph of y = x2, she can draw a graph based on previous
learning experiences in drawing a graph of a quadratic equation with a minimum point at (0,0).

FA case
C. Gambarlahgraflky = x 4 6dany = x* + 1
IV i)
ol 6 fo) ) \A
= AN
(o) ke o, &l e

Figure 2. Student FA also performed the procedure for taking intersection points and made
mistakes in representing coordinate points.

Student FA experienced errors in drawing graphs in linear and quadratic equations. She
wrote a strategy for determining the intersection points of the axes but made a mistake in
selecting the coordinates in linear and quadratic equations. She combines the graphs of the
equations y = x2 and y = x? + 1, as shown in Figure 2. This subject experiences an error in
understanding a point in the Cartesian plane as a multiplicative object that unites the point's
distance from the horizontal axis to the point's distance from the vertical axis (Figure 3).
Another mistake that FA made was an algebraic error in determining the value of x when x? +
1 = 0 by stating the value of x = 1.
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Figure 3. FA determines the point of intersection of the axes through input values in algebraic
expressions but cannot represent it correctly in the graph.

Two students, namely NN and FA, stated that the way to draw a graphic sketch is to find
the intersection points, which can be seen from the statements of the subjects in the interviews,
including "to draw a graph, we need to find the intersection points with the x and y axes.” In
the following case, it will be shown that student errors occur not only when they determine the
intersection points of the axes but also when they determine pairs of dots discretely and
calculate them in algebraic equations.

UR case

Figure 4. Student UR discretely performs the input procedure of several value pairs and
connects the points with line segments.

Student UR describes the graph by inputting several cases of variable value pairs that
satisfy the equation. Next, on the graph y = x2 + 1 UR also inputs several pairs of variable
values and connects these points with line segments, as shown in Figure 4. When confirmed
through interviews, UR stated that the quadratic equation graph is indeed a straight line. This
student does not consider the concept of continuously changing the slope of a line. The
following are excerpts from an interview with UR.

Instructor : For this second graph (quadratic equation), is the graph in the form of
a straight line like this?

UR :'Yes, ma'am

Instructor : How do | get this?

UR : We enter the x values, for example, 1, 2, and 3, to make the dots so that

it becomes a graph like this.
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The types of errors experienced by the students illustrate the learning obstacles they
experienced (Table 1). The first two students, NN and FA, encountered obstacles when they
applied the plotting point procedure to determine the graph's intersection point with the axis,
but without being based on the required conceptual understanding. The obstacle experienced
by the third subject occurred because the subject carried out the procedure for inputting variable
values without coordinating the magnitude of changes in the two variables simultaneously.
Value input procedures are usually carried out by determining the table of values before
sketching the graph.

Table 1. Types of errors and obstacles experienced by the students.

Student Error Obstacle

NN Error in graph a quadratic Unable to determine the x-axis intersect
equation that has complex point when using the graph-intersects
roots. procedure.

FA The graphs of linear and Carrying out procedures to find the graph's
quadratic equations are intersection point with the axis, but not
incorrect, and the coordinates understanding the point as a multiplicative
are inaccurate. object and lack of ability in algebraic

operations.

UR Assuming that the graph of Continuous and smooth covariational
the quadratic equation is a reasoning limitations

composite of straight-line
segments based on the input
of several value pairs

Discussion

For the first case, student NN can draw a graph for y = x + 6 and y = x?2 but has difficulty
doing so on a graph y = x2 + 1. This student can fluently represent graphs of equations by
determining graph intersection points. However, there is a problem when this procedure cannot
be carried out on the given quadratic equation. The obstacle experienced by the student was not
being able to represent the x-axis intersection point for quadratic equations whose roots are
complex numbers. The difficulties with graph understanding were closely related to
prerequisite skills such as basic mathematical concepts (Andalia et al., 2020). On the other
hand, the findings in NN show that basic skills alone are not enough for students to represent
graphs of all types of equations. A global process of perceiving the graph as a whole is required
to understand graphs, including identifying patterns and intervals where values increase or
decrease (Bragdon et al., 2019).

Student FA also performed the procedure for taking intersection points and made
mistakes in representing coordinate points. FA determines the point of intersection of the axes
through input values in algebraic expressions but cannot describe it correctly in the graph. These
results indicate that FA experiences obstacles in thinking about points as multiplicative objects
(Frank, 2016). The meaning of dots as multiplicative objects greatly influences students'
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graphing activities (Tasova et al., 2020; Tasova & Moore, 2021). Perceiving multiplicative
objects is the basis for conducting covariational reasoning on graphs (Frank, 2016; Stevens et
al., 2017).

The results indicate that student NN and FA relied on the procedure of determining the
intersection of the axes to draw a graph. Student NA encountered obstacles, namely, does not
understand the connection between the nature of square roots or the discriminant of quadratic
equations and their graphical representations and does not apply the graph translation strategy
y = x?2 that she already knows. Student responses often depend heavily on the algebraic
solution method and are unaware of the simpler graphical solution method (Knuth, 2020).
Meanwhile, student FA experienced further obstacles and could not represent the intersection
points in a visual representation in the Cartesian plane. Difficulties translating representations
can be seen based on the dimensions of fact gaps, attribute density, and confounding concepts
(Bossé et al., 2011). The student's difficulties can be categorized as fact gaps, namely when
they cannot determine the intersection point with the x-axis on the graph y = x? + 1.

Student UR discretely performs the input procedure of several value pairs and connects
the points with line segments. The student has an obstacle where she has limited covariational
reasoning, which has not yet reached the smooth and continuous level (Castillo-Garsow et al.,
2013; Thompson & Carlson, 2017). Student UR does not understand the concept of
continuously changing the slope of a line, which is also often experienced in other cases (Cho
& Nagle, 2017). She lacks continuous and smooth covariational reasoning (Thompson &
Carlson, 2017) by only being able to coordinate discrete values and not taking into account
changes in values between the two pairs of values he chooses. Glazer (2011) states that errors
in drawing graphs are often encountered, including understanding graphs as constructing
discrete points. This finding aligns with other research findings, which state that university
students have difficulty understanding graphs, especially in predicting values that are not given
(Bragdon et al., 2019).

Students in this study have difficulty moving from algebraic symbolic representations to
graphical representations. The problem of difficulty translating symbolic representations into
graphics is one of the difficulties in school mathematics (Nurrahmawati et al., 2021). The
problem of students' difficulties in switching between representations can be related to the
curriculum and teaching of algebra in high schools, which only presents limited issues that can
be solved with symbolic representation frameworks (Knuth, 2020).

An understanding of other mathematical concepts and the connections between these
concepts must accompany the application of the plotting point procedure. This study found that
the lack of knowledge of complex numbers and their operations and the relationship between
the discriminant of quadratic equations and graphical representations prevented students from
drawing proper graphs. This finding shows that weak mathematical connection abilities result
in a lack of ability to draw graphs. Complete mathematical understanding can be assessed by
the connections between concepts (Barmby et al., 2007). In school mathematics learning,
teachers need to make students have meaningful mathematical connections (Mhlolo et al.,
2012). Mathematical connections also play a role in successful problem-solving (Retnawati et
al., 2020).
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Deficiencies in covariational reasoning and understanding of points as multiplicative
objects are also a source of student difficulties. Learning to emphasize covariational reasoning
should start in middle school because students need to study topics in university mathematics
(Carlson et al., 2002; Ellis et al., 2020). Covariational reasoning assessments must also be
conducted at the secondary school level (Cavey et al., 2019). This reasoning is a prerequisite
knowledge in calculus that students must master (Carlson et al., 2015).

The obstacles mentioned above can occur due to teaching that only focuses on procedural
knowledge without being accompanied by conceptual knowledge. Conceptual understanding
must be mastered from the start to prevent the occurrence of didactic obstacles from the practice
of learning about graphics through plotting point procedures. Moving from conceptual to
procedural understanding will provide many opportunities for students to develop knowledge,
but moving from the opposite direction will risk causing errors (Hurrell, 2021). Although
conceptual knowledge is essential to successful learning, it does not mean that procedural
knowledge can be ignored. Both of this knowledge must be mastered simultaneously.
Procedural and conceptual knowledge should proceed iteratively until complete understanding
is achieved (Rittle-Johnson et al., 2001). The results of this study indicate that students' didactic
obstacles occur at various levels of procedural understanding. Students who also experience
difficulties in algebraic operating procedures experience more significant challenges in dealing
with assigned tasks. Both procedural and conceptual knowledge can have different levels of
depth (Hurrell, 2021). Other studies also show that working memory also plays a role in
mathematical achievement along with procedural skills and conceptual understanding (Gilmore
et al., 2017), which means it may also be related to ontogenetic obstacles (Manrigue et al.,
2024).

Some mistakes are sometimes not realized by students, such as in the case of UR, who
was not aware of the visual characteristics of the graph of a quadratic equation, in contrast to
NN, who was aware of difficulties even though she failed in overcoming these difficulties. Chin
et al. (2002) found that students cannot always express their problems or doubts; they are not
even aware of what they do not know or understand. Teachers need to know how to treat student
errors because this plays a role in gaining meaningful knowledge (Zohar & Zohar, 2004). A
lack of awareness of wrong answers can also indicate a lack of reflective thinking, a
characteristic of critical thinking (Ennis, 1993). Therefore, these didactic obstacles must be
overcome first so that students' thinking can move towards increasing critical thinking.

Conclusion

Students experience learning obstacles based on previous experience in 'plotting point '
procedure lessons. They can carry out this procedure to calculate and determine pairs of values
at specific points, but they do not always successfully sketch a graph correctly representing the
overall equation. The consequences of this obstacle manifest in the form of graphic drawing
errors made by students. Student errors in drawing graphs included not being able to correctly
represent coordinate points due to the lack of understanding of multiplicative objects. Students
also experience difficulties representing graphs that do not intersect the -axis due to relying too
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much on algebraic symbolic representation calculations. The lack of understanding of complex
numbers, the connection between the discriminant of quadratic equations and graphical
representations, and the lack of ability to operate algebra also hinder students from constructing
graphical representations, which are considered obstacles. Another obstacle is the lack of
covariational reasoning, which also causes students to represent graphs of quadratic equations
with line segments with different slopes. Overall, the learning barriers experienced by students
in drawing graphs of equations can result from teaching 'plotting point’ procedures that need to
be integrated with knowledge of the network of concepts connected to understanding the
meaning of mathematical representations as a whole. The findings of this study do not mean
that the plotting point procedure causes errors in drawing graphs. The research results prove
that this procedure should be taught alongside conceptual knowledge. This procedural
knowledge must still be taught by considering the findings of didactic obstacles in this study.

The plotting point procedure, namely determining the table of value pairs or the
intersection point with the x-axis, must be taught by considering the difficulties and mistakes
of the students mentioned above so they do not become didactic learning obstacles. Therefore,
in teaching plotting point procedures, the teacher must also include knowledge of graphics-
related concepts and the relationships between these concepts. It is also essential to introduce a
graph shift strategy to overcome obstacles when it is difficult to determine the point of
intersection with the axis.

Other obstacles and errors that differ from these findings may be discovered through
further study. The context of using the point plotting procedure tested in this research is limited
to linear and quadratic equations. The tests given in follow-up research can also be further
developed on different types of equations.
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